Abstract. We introduce sequential random procedures to pack polydisperse spheres and ellipsoids. For spheres, we generalize the recent study of random space-filling bearings to a situation, where the offset varies randomly and show that it reproduces well the fractal dimension observed in real fault gouges. For ellipsoids, we show how to use variational methods to determine both translations and rotations for packing them sequentially. The algorithm considers an external gravitational field and retrieves the contact points according to the rotations and translations obtained from two variational procedures.
INTRODUCTION
Though seeming a very particular topic, packing algorithms have found a very broad panoply of applications, spreading through the last centuries of science and mathematics, since Kepler and his conjecture recently demonstrated [1] . While most of the problems for packing discs and spheres are mathematically puzzling, numerical methods and computational power have been helping solving many practical problems not only when packing equally sized spheres but in much more complicated situations where particles are no longer neither spherical nor have all the same size.
Such more general situations comprehend polydisperse sets of particles which have e.g. an ellipsoidal shape and through numerical packing procedures one is able to study how densely packed they can be. Obtaining dense packings has practical purposes ranging from science to industry and technology [2, 3, 4, 5] . However, while significant achievements have been made using classical molecular dynamics [6] or force-biased approaches [2] , sequential algorithms, resembling sedimentation processes are, up to our knowledge, only applied to spheres [7] .
In this paper we describe how polydisperse discs and sheres can be sequentially packed in a random way in order to reproduce statistical features observed in fault gauges [7] . Further, we address the more realistic situation where particles are ellipsoids, explaining the difficulties for sequentially packing them and introducing variational methods to overcome such shortcomings. The general idea is to sequentially place new particles according to one prescribed mechanism provided that the new particles do not overlap those already placed.
NUMERICAL RECIPE FOR SPHERES
Fault gouges are known [8] to have fractal dimensions in the range 2.6 < d f < 3 corresponding to two-dimensional cuts of d f 1.6 ± 0.1. Recently, it was shown that a simple polydisperse packing algorithm with the bearing property [7] is able to reproduce the same fractal dimensions. Bearings of discs resemble jammed packings [6] for a sufficiently large density, having the peculiar feature that the contact points are such that by rotating one single particle all particles can rotate with no dissipation of energy. To have this property a simple two-color condition suffices (see Fig. 1 ).
Fault gouges are the interface between two tectonic plates in relative motion which frequently induces the occurence of seismic activity. However, in certain regions of the fault, seismic activity may be almost absent, forming the so-called seismic gaps. By reproducing with jammed bearings the same particle size distributions observed in fault zones one can strengthen the hypothesis that the existence of seismic gaps may be related to the emergence of particular geometrical arrangements of the rocks composing them, as a consequence of local fragmentation.
To construct polydisperse random bearings one starts with a large sphere and iteratively introduces the biggest possible sphere in the neighborhood of some empty region. In order to guarantee a bichromatic set of touching particles, with all neighboring particles of each sphere having the opposite color, one introduces a resize factor 0 < α < 1 which is randomly chosen from a certain range of values. In the case that the four neighboring spheres have the same color one attributes the other color to the new disc. Otherwise, one chooses one of the neighbors to be in contact with the new disc, and the new disc shrinks from a radius r 0 to r = αr 0 . Thus, alternatively to more realistic grain fracture methods [9] , here we mimic the fragmentation into smaller particles filling the voids left, by shrinking a particle originally with frustrated contacts. Several details in our recipe have been proposed for optimization purposes. For a detailed description see Ref. [7] .
For two-dimensional cuts of bearings of spheres, This simple numerical recipe simplifies the analytical approach for packing spheres. In the case of ellipsoids the analytical approach is much more difficult, since the branch vectors are not co-linear with the segments joining the centers of touching particles. Therefore, additional methods are required.
PACKING ELLIPSOIDS
Sequential packing algorithms are suitable to simulate and model sedimentation processes and sandstone formation. However, sand grains have not a spherical shape. They are better approximated by ellipsoids. Here, we use the variational formulation proposed in [10] for translating an ellipsoid till it touches another one and then derive an extension for rotating ellipsoids in a way that all contact points with neighboring ellipsoids are found. The combination of such two procedures is what enables the sequential packing of non-spherical particles. For simplicity, we consider prolate ellipsoids only.
Each ellipsoid E is characterized by its centroid r E = (x E , y E , z E ), its semi-axis a E and b E along two eigen directions, and two Euler angles, α E , angle between the projection of the 'positive' a E -axis on the (x, y)-plane 
the scaling matrix and R E the rotation matrix given by the composition of the two rotations, the first one of β E around the y-axis and the other of α E around the z-axis. The surface of E is thus defined by F E = 1.
Having two ellipsoids, one E 1 already placed in some predefined box and another E 2 to be inserted, the contact point r c between them is obtained by using the corresponding functions F E 1 and F E 2 and deriving the rescaling of E 2 , labeled below as E * 2 , till it touches E 1 . Scaling again E * 2 to the original size of E 2 , keeping the touching point fixed, yields the desired translation. See Fig. 3 .
The rescaled ellipsoid E * 2 is obtained by minimizing the ellipsoid function F E * 2 , with the constraint of remaining E 1 unchanged, i.e. F E 1 = 1. In other words we want to minimize the functional
where λ is the Langrange multiplier. Taking the gradient of Eq. (2) with respect to r and equating it to zero yields
The contact point r c is obtained by adding and subtracting r E 1 in the first term of Eq. (3): 3 . Determination of the contact point through translation. Having a placed ellipsoid E 1 a new ellipsoid E 2 is first (a) placed randomly at the top of the box, then (b) it is enlarged till it touches ellipsoid E 1 and finally (c) it reduces again to its original size translating its centroid and remaining the touching point fixed.
To determine λ one substitutes (4) in the constraint
with
Since, with elementary manipulation one can write (5) can be written as
where r * is the solution of the linear system
The system (7) is linear and thus vector r * can be easily determined, while Eq. (6) is nonlinear equation in λ but can be numerically determined through e.g. NewtonRaphson method. The scaling factor s that enlarges ellipsoid E 2 into E * 2 is obtained by adding and subtracting r E * 2 inside the parentesis of the second term of Eq. (3) and substituting r c in F E 2 : 
Figure 3 illustrates this part of the algorithm. For rotations we make use of Fig. 4 . One starts with an ellipsoid E 0 (solid contour) in contact with another ellipsoid E 2 and overlapping E 1 . The problem to solve is how to rotate ellipsoid E 0 in order to put it in contact with ellipsoid E 1 , keeping the contact at r c,0 (dashed contour).
If, before rotation, E 0 obeys r T E 0 −1 r = 1, when rotating the major axis of E 0 according to a rotating matrix Q(φ ) that depends on the angle of rotation φ and on the unit vectorr (defined below) one arrives to r = Q(φ )r yielding in the absolute reference frame
with r 0,R = r c,0 + Q(φ )(r 0 − r 0,c ) and
The prime in r is henceforth omitted. For each rotation of φ we have the same problem as for single translations, namely to minimize the left hand-side of Eq. (10) with the constraint (r− r 1 ) T E 1 −1 (r− r 1 ) = 1, which leads to the new functional
The solution of ∇F R = 0 is now
and the constraint reads
where X depends on both λ and φ and is the solution of the linear system
Since we have now two variables, λ and φ , we need another function. This other function is the one from the object function that rotates the ellipsoid E 0 till it is tangent to E 1 at r c , keeping the scaling factor s = 1, namely
where we considered the equality (E 0,R
Illustration of the rotation of one ellipsoid E 0 , considering previous contact points with E 2 in order to obtain the correct contact point with E 1 through a rotation of φ . Eqs. (14) and (16) are linear in X and Y respectively, the major computational effort reduces to determining the simultaneous roots of the nonlinear systems (13) and (15). This is carried out by linearizing the systems and applying Newton-Raphson method with an initial guess of φ 0 = 0 and λ 0 = λ with λ the solution of Eq. (6). Figure 5 shows an application of this procedure when introducing an ellipsoid in a box, having three ellipsoid already packed, i.e. with fixed positions and orientations. Finally, the remaining task is to determine the unit vectorr underlying the definition of the rotation matrix Q(φ ). For any vector p, the rotation matrix is defined by Q(φ )p = qpq −1 where q = [r sin φ 2 , cos φ 2 ] is the quaternion describing a rotation around the unit vectorr by an angle of φ . In the presence of a gravitational field such unit vector is perpendicular to the surface containing the graviational force on the ellipsoid and the normal to the surface obtained from all existing contact points.
DISCUSSION AND CONCLUSIONS
We have presented two geometrical procedures to sequentially pack polydisperse particles, one for spheres and another for ellipsoids. The procedure presented for spheres was able to reproduce the fractal dimension observed in fault gouges and fulfills the bearing condition, which raises a geometrical hypothesis for the existence of seismic gaps. However, it is space-filling which means that in the limit the porosity of the packing is zero. Therefore, such procedure is not suitable to use as a model for porous media and sandstone formation. Moreover, the particular case of spheres is far from realistic when considering the shape of a particle.
To incorporate these two ingredients, non-spherical shape and porosity, we proposed a numerical approach based in variational methods, to pack sequentially ellipsoids through translations and rotations which retrieves the contact points for ellipsoids that are sequentially introduced in an environment already having a certain set of fixed particles. Both rotations and translations are derived according to a gravitational external field.
From this preliminary approach to sequential packing of ellipsoids the following points are raised for forthcoming studies. First, the algorithm will be studied in order to understand which global properties are observed for such ellipsoidal packing, namely how does the porosity depend on the sequence of ellipsoid sizes introduced in the system, and how small can these porosity be? Such porosity minimization would enable to have a compaction procedure for the packing algorithm. Second, a possible application of such algorithm to model e.g. porous media and amorphous bodies should be tested. For that a complementary mechanism for compaction and cristalization must be added. These and other questions will be addressed elsewhere.
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